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Green’s Function Approach for Obtaining S-Matrices

of Multimode Planar Networks

RAKESH CHADHA, MSMBER, IEEE, AND K. C. GUPTA, SENIOR

MEMBER, IEEE

Abstract —Evaluation of S-matices for circuits using multimode micro-

strip-like lines is presented. Planar wavegoide model for lines and two-

dimensional analysis using Green’s functions are used. As an example, a

multimode S-matrk is computed for a microstrip right-angled bend.

I. INTRODUCTION

Two-dimensional microwave or millimeter-wave planar net-

works have planar transmission lines (such as striplines, micro-

strip lines, suspended microstrips, inverted microstrips, etc.)

connected at various ports of the network. For the analysis of

such circuits, planar-waveguide models may be employed for

these transmission lines. Plartar-waveguide models imply that the

current density distribution for the lowest order mode is uniform

over the effective width. At the discontinuity in the network,

higher order modes are excited in the planar outgoing lines. At
microwave frequencies, these higher order modes are usually

evanescent and, hence, decay along the transmission line away

from the network. For such cases, two methods have been re-

ported for evaluation of ~-matnces [1], [2]. In the method pro-

posed by Ivfiyoshi and Miyauchi [1], external ports are divided

into subports, and voltage and current density ~ong the width of

a port are expanded into higher order modes. Since these higher

order modes are evanescent, their characteristic impedances are

reactive. The higher order modes are terminated in these reactive

characteristic impedances at the port location itself, In an alter-

nate procedure [2], sections of planar transmission lines are also

considered as part of the network so that only the lowest order

mode exists at the location of the port. In this method, the

external ports need not be divided into subports.

At millimeter-wave frequencies, some of the higher order modes

may not be evanescent and would propagate in the planar lines.

This is especially true for wide lines or when the effective

dielectric constant is high. In such cases, even though the signal

at the input line is in the lowest order mode, the reflected wave

and the waves coupled to other lines will, in general, have lowest

order and higher modes. Different modes in a line are indepen-

dent and can be treated as separate ports of the network. It is

useful to know the coefficients relating wave variables for vtious

modes at the external ports of the transmission lines. In this

paper, a method useful f~r obtaining multimode scattering coeffi-

cients in such cases is described.

II. METHOD OF ANALYSIS

Consider a multiport planar network with planar transmission

lines connected at the ports of the network. It is assumed that the

reference planes for the external lines have been chosen far away
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Fig 1. Network configuration for multimode S-matrix evaluation

from the geometrical discontinuities so that the evanescent modes

are not present, that is, all the modes present are the propagating

modes.

For multimode analysis, it is desirable to separate the volta,ges

and currents of different modes propagating in the outgoing

transmission lines. This separation can be carried out by dividing

the external ports of the network into subports of smaller widths.

The number of subports at each extemaf port should be at least

equal to the number of modes propagating in the trausmiss ion

line so that the model parameters can be obtained by Founer-

series expansion. A similar procedure has been employed in [1]

for considering evanescent higher order modes. The impedance

matrix of the network (relating voltages and currents at the

subports) may be evaluated using the Green’s function approach

and segmentation and desegmentation methods for simple shapes,

and numericaf methbds for arbitrary shapes [3], [4]. In the Green’s

function approach, the planar shape is considered to be obtained

from segments whose Green’s functions are available. The result-

ing impedance matrix is obtained from those of the segments by

using segmentation aud/or desegmentation methods.

A. Modal Voltages and Currents

Let there be m propagating modes along any external line. The

RF voltage o(x) and current density j( x ) can be expanded in

terms of m modes as [1]

m
(k-l)m

t)(x)= ~ p~cos

.k=l w

m
(k-l)nx

j(~)=–~ z qkcos ~
k=l

(1)

I(2)

where x is a running variable along the line width which extends

from x = O to x = Was shown in Fig. 1. pk and qk are expans Lon

coefficients for the k th mode. The Green’s function approach

used for obtaining the impedance matrix at various subports [3],

[4] assumes that the current is distributed uniformly over the

width of a subport and the voltage is the average voltage over its

width. Thus, the assumed current density distribution in (2) needs
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to be modified so that the current density is constant over the

width of each subport. The modified current density distribution

(denoted by i. (x)) is obtained ,from (2) by taking its average over
each subport. In the case of two subports of equal width with

m = 2, the current density distribution gets modified as

B. Normalization

The voltages and currents corresponding to different modes are

obtained in terms of expansion coefficients p‘s and q ‘s. For this

purpose, all the modes are normalized. Total power flowing into

a port is given by

~=-Jw~(x)i.(x)~x
o

(4)

where o(x) is given by (1) and in(x) is the modified current

density. The power given by (4) must equal the total power in all

the modes expressed as

P=v, il+z),i, +.. .+vmim (5]

where v~ fid ik refer to voltage ~d current corresp~nding to k th
mode. Equating corresponding terms on the right-hand sides of

(4) ~d (5), voltages ok and currents i~ are expressed in terms of

expansion coefficients p~ and q~, respectively. The ratio v~ /ik is

kept equal to p~/q~.
It may be noted that this normalization is not needed for

expansion in terms of higher order evanescent modes as used in

[1].

C. Relationship Between Mode Parameters and Port Parameters

The voltages and currents at the subports are obtained using

(1) and the modified current density distribution, At the jth

subport

Ij=++(x)dx
J]

and

IJ=–j i.(x)dx,
w,

(6)

(7)

It may be noted that in(x) is constant over each subport. From
(6) and (7), the voltages and currents at the subports can be
expressed in terms of expansion coefficients p~’s and q~‘s, respec-

tively. On using normalization relations, which relate mode volt-

ages and currents to p~’s and q~’s, we obtain matrices C and D so
that

[1,,12, ,Im]t=D[il, i2, . . ..im]t (9)

where ~ and ~ are subport parameters and ok and ik are mode

parameters.

D. Evaluation of C and D

Normally, a port is divided into subports of equal width.

Evaluation of C and D is illustrated by considering a port of

width W divided into m subports each of width W/m. Current

density given by (2) is modified by taking its average over each

subport and assuming it to be constant over the width of subport.

The modified current density distribution ~~( x), for x on the jth

subportj is given by

m
(k-l) (2j-l)nsinc(k-@r

i,,(x)=–+ ~ qkcos

k=l
2m 2m,’

for(j–1)~<.x<j~ (10)

where sine x = (sin x)/x. Total power entering the port is ex-

pressed as

P=-jwd+.(+x
o

[
= ~ ~~, Phqksinc’ ‘k~~)”

(k-l) (2j-l)r

1
. t COS2Zm .

j=l

(11)

We have

f ~os2 (k-])(zj-l)~ m,
{

ifk=l

2m = m/2, if2<k<m(12)J=l

and, hence, from (11) and (12)

m
(k-l)r

P=plql+~ ~ p~q~sinc2 Zm . (13)
k=2

Comparing (5) and (13)

ok=pkAksinc(k~n~)v

ik=qkAksinc(k~~)r (14)

(1, ifk=l

IAk= 1
~> ifl<k <m. (15)

The voltage and current at a subport are obtained using (1),

(6), (7), and (10) and are given as

~= ~ Pkcos (k-l) (2j-l)~sinc (k-l)n ~16)
J

k=l
2m 2m

and

m

~ = ; k;, qkcos
(k-l) (2j-1) sine (k-l)* ~17)

2rn 2m

where (j – 1)( W/m) < x < j( W/m). The elements of matrix C

are obtained from (14) and (16) as

~k=~cos (k-l) (2j-l)n
J A~ 2m

and

D=; C.

For m = 2 and m = 3, C may be written as

C(m=2)=[~ _j]

(18)

(19)

(20)
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and

1

C(m=3)= 1

1

Using (12), it can be found that

c-l=Lct
m

E. ilfultimode S- Matrm

(21)

(22)

We can now treat different modes propagating in the planar

lines also as separate ports. The matrices c and D are obtained

for each planar transmission line. The multimode impedance

matrix is given by

Zm= r, Zpr2 (23)

where 2P is the impedance matrix at subports, 1’1 and r2 are

block diagonal matrices whose submatnces on the diagonaf are

c -‘ and D,, respectively, and wherej takes values from 1 to the

n~mber of outgoing transmission lines connected to the planar

network. When all the subports at a port are of equaf width,

which is usually the case, both C, i and D, may be expressed in

terms of C by using (19) and (22). The multimode scattering

matrix can now be obtained from the multimode impedance

matrix using characteristic impedances of various modes in dif-

ferent planar lines.

III. AN EXAMPLE

As an example, a multimode S-matrix is computed for a
right-angled bend in microstnp. A right-angled bend occurs
frequently in MIC’S, and it is of interest to know the magnitude
of higher order propagating modes above the cutoff frequency.
Mehran [5] has studied bends of different angles and has reported
dominant mode reflection and transmission coefficients until 40
GHz for a case when the first higher order mode cutoff frequency
is 34 GHz.

For the computations reported here, Kompa’s model for dis-
persion [6] in a microstrip is used’. At the bend, the line width is
divided into six subports. Thus, six higher order modes are
considered at the discontinuity. At the reference planes, the line
width is divided into as many subports as the number of modes
propagating in the line. The length of transmission line section on
each side of the bend is considered such that the fields of the
strongest evanescent mode at the reference plane have decayed to
1 percent of their magnitude at the bend. Using attenuation
formula [7], this length is obtained as

1=
0<733A

I (22)

(( )nh z
— –1
2 we

where We is the effective width of the planar waveguide and n is

the number corresponding to the evanescent mode with lowest

cutoff frequency. For low frequencies when only the dominant

mode propagates, n = 1.

For a dominant mode excitation on one side of the bend,

reflection and transmission in different modes are @wn as

functions of frequency in Fig. 2. Symbols pd, ph, and pkz denote

] It is possible that the microstrip dispersion model used [6] is not very

accurate at the diwontinmty when hrgher order modes are propagating How-

ever, the computations reported here are only as a representative example,
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Fig 2. Multlmode transfer coefficients for a microstnp right-angled bend

with input in lowest order mode.
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Fig. 3. Multlmode transfer coefficients for a nght-arrgled bend m a planar

wavegmde with magrretlc walls and with input m lowest order mode.

the reflection on the input line in dominant, first higher, and

second higher modes, respectively. Similarly, rJ, T~,, and T),~

denote the transmission to the other line in dominant, first

higher, and second higher modes, respectively. The dominant

mode reflection and transmission coefficients agree with the

results of Mehran [5], which are available only up to 40 GHz.

Numerical results have also been computed for a bend in a

planar waveguide with magnetic walls. For this case, the reflec-

tion and transmission in different modes is shown in Fig. 3.

Symbols used are the same as those for the microstrip bend in

Fig. 2.

IV. DISCUSSION

A method for obtaining S-matrices for planar circuits where

higher order modes could propagate has been presented. Planar

waveguide models are needed for the transmission lines used.

Using this method, the analysis of microstrip and stnpline cir-

cuits can be extended to frequencies above the cutoff for higher

order modes.
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E-Plane W-Band Printed-Circuit Balanced Mixer

PAUL J. MEIER, SENIORMEMBER,IEEE

Abstract —A balanced W-band mixer has been developed which in-

tegrates a low-loss printed-probe hybrid with fin-line diode monnts on a
single substrate. This E-plane approach featnres production economy,
effective shielding, high ( > 400) unloaded Q, light dielectric loading, and

simple wave~ide interfaces. With the LO fixed at 95 GHx, the measnred

conversion loss of the mixer is 7.8A 0.7 dB across the RF band of 92-98

GHz.

I. INTRODUCTION

Continuing interest in the 3-mm atmospheric window has

underscored the need for low-cost high-performance receivers.

Balanced mixers are of special interest in radiometers where the

IF is generally low, or in those applications where LO radiation

must be minimized. A key component of a balanced mixer is the

hybrid coupler which can be constructed in various forms. At

millimeter wavelengths, the most common forms of printed-cir-

cuit hybrids have been the ring hybrid [1], the branch-line coupler

[2], and the slot/coplanar/microstrip junction [3], [4]. Although

existing designs can be scaled into the 3-mm band, problems are

to be expected in terms of radiation, stray coupling, Q limita-

tions, manufacturing tolerances, and interaction of waveguide

transitions.

The printed-probe E-plane coupler has been developed [5], [6]

as an alternative to the older forms of IC hybrids. A balanced

mixer can be constructed entirely from E-plane lines [7] by

integrating such a hybrid with fin-line diode mounts. Advantages

of the E-plane approach at millimeter wavelengths include

printed-circuit economy, negligible radiation and stray coupling,

high unloaded Q (=- 400 at 94 GHz), low-equivalent dielectric

constant (for eased tolerances), and simple wide-band transitions

to standard waveguide instrumentation.

This presentation reviews earlier component work [6], [7] that

has not yet appeared in journal format, and describes the integra-

tion and performance of the balanced E-plane mixer.

II. MIXER CONSTRUCTION

Fig. 1 shows the E-plane W-band balanced mixer assembly.
The major components, a seven-probe hybrid and a pair of

fin-line diode mounts, are printed on a single board which is
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Fig. 1. E-plane balanced mixer.
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Fig, 2, Balanced mixer components.

suspended in the E-plane of a four-port housing. All four ports

were required in early tests of the hybrid alone. In the illustrated

assembly only the two waveguide ports at the left are utilized.

These ports serve as the RF and LO inputs. The IF outputs leave

the housing through SMA connectors and are combined in a coax

tee (not shown).

Fig. 2 identifies the components of the printed-circuit assem-

bly. Included are: a) quarter-wave notches which provide a match

between the air-filled and slab-loaded waveguides, b) mounting

holes which align the 5-roil, Duroid-5880 board within the hous-

ing, c) foil tabs where dc bias can be applied, d) seven-element

printed-probe coupler, e) fin-line mounts for the beam-lead di-

odes, the mounts include ~ RF transformers, g) gold wire that

provides the ground return for the RF, LO, IF, and dc bias, h) IF

output, containing high-impedance lines i) de-blocking capaci-

tors, j) connector contacts, k) resistors which block the IF from

the dc bias circuit, and 1) printed-circuit E-plane bifurcations

which reactively terminate the diode mounts at RF and LO.

III. PRINTED-PROBE HYBRID

At the center of the housing, shown in Fig. 1, parallel wave-

guides share a common broadwall. To accept a pair of dielectric

boards, this broadwall is slotted. An array of coupling probes is

printed on one board and insulated from the common wall by a

second board that is fabricated from 2-roil Teflon.

The E-plane coupler was designed with the aid of the equiva-

lent circuits shown in Fig. 3. The full circuit for a multielement

coupler Fig. 3(a) can be reduced to the circuit of Fig. 3(b) for the

modeling of isolated probes. The full circuit includes: a) genera-
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